Fracture analysis of U-notched disc-type graphite specimens under mixed mode loading  by Torabi, A.R. et al.
International Journal of Solids and Structures 51 (2014) 1287–1298Contents lists available at ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/locate / i jsols t rFracture analysis of U-notched disc-type graphite specimens under
mixed mode loading0020-7683/$ - see front matter  2013 Elsevier Ltd. All rights reserved.
http://dx.doi.org/10.1016/j.ijsolstr.2013.12.024
⇑ Corresponding author. Tel.: +98 21 61 118 572; fax: +98 21 88 617 087.
E-mail address: a_torabi@ut.ac.ir (A.R. Torabi).A.R. Torabi ⇑, M. Fakoor, E. Pirhadi
Fracture Research Laboratory, Faculty of New Science and Technologies, University of Tehran, P.O. Box 13741-4395, Tehran, Iran
a r t i c l e i n f o a b s t r a c tArticle history:
Received 27 April 2013
Received in revised form 22 September 2013
Available online 21 December 2013
Keywords:
Brittle fracture
U-notch
Polycrystalline graphite
Notch fracture toughness
Fracture initiation angle
Mixed mode loadingFracture phenomenon was investigated both experimentally and theoretically for a type of coarse-
grained polycrystalline graphite weakened by a U-shaped notch under mixed mode loading. First, 36
disc-type graphite specimens containing a central U-notch, so called in literature as the U-notched Bra-
zilian disc (UNBD), were prepared for four different notch tip radii and the fracture tests were performed
under mode I and mixed mode I/II loading conditions. Then, the experimentally obtained fracture loads
and the fracture initiation angles were predicted by using the U-notched maximum tangential stress
(UMTS) and the newly formulated U-notched mean stress (UMS) fracture criteria. Both the criteria were
developed in the form of the fracture curves and the curves of fracture initiation angle, in terms of the
notch stress intensity factors (NSIFs). The results showed that while the criteria could predict successfully
the experimental notch fracture toughness values, the UMS criterion provides slightly better predictions
than the UMTS criterion, particularly for shear-dominant deformations. Also, found in this research was
that the curves of fracture initiation angle were almost identical for the two criteria which both could
predict well the experimental results.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Graphite materials are used in aerospace applications mainly
because of their protective roles against thermal damages. Because
of very low values of the coefﬁcient of thermal expansion, such
materials can withstand well against thermal loads. Conversely,
graphite materials are so vulnerable to mechanical loads which
are normally present in real engineering applications together with
the thermal loads. As an example, one can refer to the protective
graphite parts that are traditionally fastened to the main aerospace
structural component by using a screw-like mechanism with con-
tained normally U and V-shaped threads. The stress concentration
around V and U-shaped notches in the presence of material brittle-
ness may cause sudden fracture in protective graphite parts and
hence, melting the main component due to the aerodynamic heat-
ing. Therefore, some reliable fracture models are seriously needed
to be used in design of notched graphite parts, particularly where
the notch is subjected in most real cases to mixed mode mechan-
ical loads.
Despite some papers published in the past dealing with fracture
of graphite materials in the presence of sharp cracks (see for exam-
ple Awaji and Sato, 1978; Yamauchi et al., 2000, 2001; Li et al., 1999;
Shi et al., 2008; Etter et al., 2004; Ayatollahi and Aliha, 2008), somerecent studies can also be addressed. Short crack growth in a type of
poly-granular graphite has been quantitatively assessed by
Mostafavi andMarrow (2012) using digital image correlation. More
recently, Mostafavi et al. (2013) have investigated the three-
dimensional crack propagation in poly-granular graphite.
Dealing with notches, however, a few investigations have been
conducted in the past regarding fracture in graphite materials. The
stress concentration and the notch sensitivity have been studied by
Bazaj and Cox (1969) and Kawakami (1985) on various graphite
materials. However, taking into account the notch fracture
mechanics (NFM) approach which employs the notch stress inten-
sity factors (NSIFs) as the governing fracture parameters, the ﬁrst
attempt to evaluate the resistance of notched graphite parts to
mechanical loads has been made by Ayatollahi and Torabi
(2010a) who investigated the fracture phenomenon in different
V-notched polycrystalline graphite specimens. A large number of
V-notched graphite specimens, namely the rounded V-notched
Brazilian disc (RV-BD), the rounded V-notched three-point bend
(RV-TPB) and the rounded V-notched semi-circular bend
(RV-SCB) specimens have been tested under pure mode I loading
conditions and the experimental notch fracture toughness values
have been predicted by using the mean stress (MS) criterion
(Ayatollahi and Torabi, 2010a). In Ayatollahi and Torabi (2011a),
numerous experimental results have been provided on mixed
mode fracture of V-notched Brazilian disc (V-BD) specimens made
of polycrystalline graphite and the notch fracture toughness and
Nomenclature
KU;qI notch stress intensity factor (NSIF)-mode I
KU;qII notch stress intensity factor (NSIF)-mode II
KU;qIc mode I notch fracture toughness
KU;q

eff equivalent relative notch fracture toughness (ERNFT)
KIc plane-strain fracture toughness
dc critical distance of the mean stress criterion
rc;U critical distance of the MTS model
q notch tip radius
rhh tangential stress
rhh mean value of the tangential stress
ðrhhÞc critical stress
h0 fracture initiation angle of the UMTS model
h0 fracture initiation angle of the mean stress (UMS) model
Table 1
The properties of the tested polycrystalline graphite.
Material property Value
Elastic modulus, E (GPa) 8.05
Poisson’s ratio 0.2
Ultimate tensile strength (MPa) 27.5
Plane-strain fracture toughness (MPa m0.5) 1.0
Bulk density (kg/m3) 1710
Mean grain size (lm) 320
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V-notched maximum tangential stress (V-MTS) criterion.
Moreover, the local strain energy density (SED) criterion has been
utilized by Ayatollahi et al. (2011a) for predicting mixed mode I/II
fracture test results reported by Ayatollahi and Torabi (2011a) and
a very good agreement between the experimental and theoretical
results was obtained. Additionally, a valuable out-of-plane fracture
study on sharp and blunt V-notched round graphite bars has also
been performed by Berto et al. (2012a) under torsion.
The ﬁrst study on brittle fracture of graphite materials in the
presence of a U-shaped notch has been published by Berto et al.
(2012b) who conducted many of fracture tests on U-notched rect-
angular isostatic graphite plates under pure mode I and also mixed
mode I/II loading conditions. They also made use of the local SED
over a control volume as a governing brittle fracture parameter
to predict well the experimental results. Note that the SED model
has been frequently used by the investigators in the ﬁeld of brittle
fracture of notched components made of different engineering
materials (see for instance Berto and Barati, 2011; Berto et al.,
2007, 2012c, 2013; Radaj et al., 2009a,b; Berto and Lazzarin,
2009; Lazzarin et al., 2009; Gomez et al., 2007, 2009; etc.).
Beside the SED failure concept, two other well-deﬁned brittle
fracture models are the maximum tangential stress (MTS) and
the mean stress (MS) criteria. The MTS criterion, proposed
originally by Erdogan and Sih (1963) for predicting mixed mode
brittle fracture in sharp cracked bodies, has been extended by
other researchers to V and U-notched domains and frequently used
for predicting the onset of mixed mode brittle fracture in different
notched brittle materials (see for example Ayatollahi and Torabi,
2009, 2010b, 2010c, 2011b; Ayatollahi et al., 2011b). The mean
stress (MS) criterion has been already used by the researchers
mainly in its pure mode I format. For example, the MS criterion
has been utilized to assess mode I failure in V-notched polycrystal-
line graphite samples (see Ayatollahi and Torabi, 2010a) and
V-notched PMMA and ceramic specimens (see Ayatollahi and
Torabi, 2010d). The MS criterion in its mixed mode format has
been previously formulated by Seweryn and Lukaszewicz (2002)
for V-notched components and presented as a closed-form
expression.
Recently, Torabi (2013a) has successfully made use of the point
stress (PS) and the mean stress (MS) fracture criteria for predicting
mode I failure of U-notched graphite plates tested and reported by
Berto et al. (2012b). Moreover, he utilized the MTS failure curves to
estimate theoretically the fracture loads of the U-notched graphite
specimens reported by Berto et al. (2012b) under mixed mode I/II
loading conditions and found very good agreement between the
theoretical and the experimental results (see Torabi, 2013b). The
latest published work on brittle fracture of U-notched graphite
components is a paper published more recently by Torabi et al.
(2013) in which the load-carrying capacity of U-notched Brazilian
disc (UNBD) specimens made of a coarse-grained polycrystalline
graphite have been successfully predicted under mode I loading
by using the mean stress (MS) and the point stress (PS) criteria.In the present research, ﬁrst, several U-notched disc-type spec-
imens, so-called in literature as the U-notched Brazilian disc
(UNBD) specimen, made of a type of coarse-grained polycrystalline
graphite were fabricated and the mixed mode fracture tests were
carried out for different notch tip radii and various mode mixity ra-
tios. Then, the U-notched MTS (UMTS) criterion, presented origi-
nally by Ayatollahi and Torabi (2009), was reformulated for the
tested polycrystalline graphite in terms of the notch stress inten-
sity factors (NSIFs) and the theoretical fracture curves and the
curves of fracture initiation angles were plotted. Similarly,
the MS concept was applied to the stress distribution around the
U-shaped notch and the failure curves of the U-notched mean
stress (UMS) criterion were also plotted for the polycrystalline
graphite. Finally, the theoretical results were compared with the
experimental results obtained from the fracture tests of UNBD
specimens. It was found that while both the criteria could estimate
well the onset of brittle fracture in tested specimens, the UMS
model provides better predictions than the UMTSmodel, especially
for high mode mixity ratios. Also, it was demonstrated that both
the criteria provide almost equal curves for fracture initiation angle
which both, however, are well accurate.
2. Experiments
2.1. Material
The material tested was a type of coarse-grained commercial
polycrystalline graphite with the properties presented in Table 1.
2.2. Specimen
The specimen used for conducting the fracture tests was the
well-known Brazilian disc (BD) specimen containing a central
bean-shaped slit with two U-shaped ends. This specimen, called
the U-notched BD (UNBD), has been initially proposed by
Ayatollahi and Torabi (2010c) and used to measure the mode II
notch fracture toughness of U-shaped notches in PMMA and
soda-lime glass. The elastic stress distribution around U-shaped
notches in the UNBD specimen has been analyzed by Torabi and
Jafarinezhad (2012) and a wide range of notch shape factors has
been presented. Note that this disc-type specimen with contained
a central sharp crack (its original form) had been proposed in the
past and frequently utilized by the researchers for investigating
Fig. 2. The UNBD graphite specimens fabricated (not polished).
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II loading conditions (see for example Awaji and Sato, 1978;
Yamauchi et al., 2000; Ayatollahi and Aliha, 2008). Fig. 1 represents
the UNBD specimen, schematically.
In Fig. 1, b is the angle between the loading direction and the
notch bisector line. The parameters D and P denote the disc diam-
eter and the applied compressive load, respectively. When the
direction of the applied load P is along the notch bisector line
(i.e., b = 0), the central notch is subjected to pure mode I loading
conditions. When b enhances gradually from zero, the loading con-
dition varies from pure mode I towards pure mode II. For a partic-
ular angle, called bII, pure mode II deformation is obtained. The
angle bII is always less than 90o and depends upon the notch length
and the notch tip radius. This angles can be determined by using
the ﬁnite element (FE) method as presented in Ayatollahi and Tora-
bi (2010c) and Torabi and Jafarinezhad (2012).
The diameter, the overall notch length (i.e., the tip-to-tip dis-
tance) and the thickness of the UNBD specimens were 60 mm,
18 mm and 10 mm, respectively. The notch tip radii (q) were equal
to 0.5, 1, 2 and 4 mm. To fabricate the specimens, ﬁrst, a graphite
block was provided. Then, three slices of 10 mm thick were cut
from the block by using a cutter blade. The geometry of each sam-
ple was given to a high-precision 2-D CNC water jet cutting ma-
chine and ﬁnally, the UNBD specimens were fabricated. Before
performing the fracture tests, the specimens were polished by
using a ﬁne abrasive paper in order to remove possible local stress
raisers remained from the manufacturing process. Fig. 2 displays
the UNBD graphite specimens fabricated (not polished).
To perform fracture tests under mixed mode loading conditions,
the angle bII should ﬁrst be determined so that we could select
appropriate intermediate angles between b = 0 (pure mode I) and
b = bII (pure mode II). The values of bII for different values of the rel-
ative notch length (RNL) and the relative notch tip radius (RNR)
have been presented in Torabi and Jafarinezhad (2012) for the
UNBD specimen. Considering the RNL (i.e., the ratio of the overall
notch length to disc diameter) equal to 0.3 for the specimens, bII
can be obtained from Torabi and Jafarinezhad (2012) to be the val-
ues in the range of 31 to 33 (deg.) for different notch tip radii.
Therefore, the angles b = 0, 10 and 20 (deg.) were selected for pure
mode I and mixed mode I/II fracture tests. For each notch tip ra-
dius, nine tests were carried out; three for each value of b, under
displacement-control conditions with a loading rate of 0.1 mm/
min and the fracture load of the samples were recorded. 36 test re-
sults were totally provided under pure mode I and mixed mode I/IIFig. 1. The UNBDloading conditions. Figs. 3 and 4 show the UNBD graphite speci-
mens during mode I and mixed mode I/II tests, respectively.
Two broken specimens are shown in Fig. 5.
The experimentally recorded fracture loads for UNBD graphite
specimens are presented in Table 2.
The load–displacement graphs recorded from the tests were
completely linear up to ﬁnal fracture and the fracture for each
specimen was seen to occur suddenly. Thus, brittle fracture criteria
based on the linear elastic fracture mechanics (LEFM) are allow-
able. Fig. 5 displays two sample load–displacement curves for the
graphite UNBD specimens (see Fig. 6).
In the next section, two well-known brittle fracture models are
described and formulated with the aim to estimate the experimen-
tal results. The ﬁrst one is the U-notched maximum tangential
stress (UMTS) (Ayatollahi and Torabi, 2009) and the second one
is the U-notched mean stress (UMS) criteria.3. Mixed mode fracture criteria
3.1. The U-notched maximum tangential stress (UMTS) criterion
This criterion has been originally suggested by Ayatollahi and
Torabi (2009) for predicting mixed mode I/II brittle fracture inspecimen.
Fig. 3. The UNBD graphite specimen during mode I fracture test.
Fig. 4. The UNBD graphite specimen during mixed mode I/II fracture test.
Fig. 5. The broken UNBD specimens.
Table 2
The experimentally recorded fracture loads for UNBD graphite specimens.
b (deg.) q (mm) P1 (N) P2 (N) P3 (N) Pav. (N)
0 0.5 4164 4267 4040 4157
0 1 4410 4561 4830 4600
0 2 4228 4448 4382 4353
0 4 4000 4188 3722 3970
10 0.5 4101 3836 4203 4047
10 1 4526 4409 4400 4445
10 2 4040 4024 4049 4038
10 4 3634 3551 3540 3575
20 0.5 3983 3599 3947 3843
20 1 3880 3959 4049 3963
20 2 4036 4018 3710 3921
20 4 3678 3398 3000 3359
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presented herein.
A U-notch is schematically depicted in Fig. 7 including its polar
coordinate system. The origin of the coordinate is located at the
distance r0 = q/2 behind the notch tip on the notch bisector line.
Creager and Paris (1967) derived the elastic stress ﬁeld equa-
tions for blunt cracks. Lazzarin and Tovo (1996) have also evalu-
ated the elastic stress distributions in the vicinity of cracks andblunt V-notches. The closed-form expressions of the elastic stress
distributions derived by Lazzarin and Tovo (1996) have been re-
formulated by Filippi et al. (2002) with the aim to achieve more
accurate expressions. The distribution of the tangential stress
around a U-shaped notch can be written as (Filippi et al., 2002)
rhh ¼ 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p KU;qI
3
2
þ q
r
 
cos
h
2
þ 1
2
cos
3h
2
 
þ KU;qII
3
2
 q
r
 
sin
h
2
þ 3
2
sin
3h
2
 
ð1Þ
The parameters KU;qI and K
U;q
II are the mode I and mode II notch
stress intensity factors (NSIFs), respectively. q is the notch tip ra-
dius and the parameters r and h denote the local polar coordinate
system located at the distance r0 = q/2 behind the U-notch tip.
According to the UMTS fracture concept, the tangential stress at
a critical distance around the notch tip should be a maximum at
the onset of fracture. Thus:
@rhh
@h
¼ 0) h ¼ h0 ð2Þ
The angle h0 is the fracture initiation angle (sometimes referred
to as the notch bifurcation angle) which determines the location of
crack initiation on the U-notch border with respect to the local po-
lar coordinate system. Eq. (2) provides a set of positive and nega-
tive roots. To reach to a maximum, the second derivative of rhh
must be a negative value. Therefore, only negative h0 values are
valid. According to Fig. 7, the point of fracture initiation locates al-
ways on the lower half border of U-notch. It is necessary to note
that h0 does not give the crack path since it is measured from the
local coordinate origin and not from the U-notch center. The crack
path is always radial (i.e., perpendicular to the U-notch semi-circle)
because it is perpendicular to the direction of the maximum tan-
gential stress in accordance with the UMTS model. In order to plot
the crack path, one can simply draw a line from the notch center to
the crack initiation point obtained from Eq. (2) (see the angle h0⁄ in
Fig. 8). Details of the above are represented in Fig. 8.
Substituting Eq. (1) into Eq. (2)
KU;qI 
3
4
þ q
2rc;U
 
sin
h0
2
 3
4
sin
3h0
2
 
þ KU;qII
3
4
 q
2rc;U
 
cos
h0
2
þ 9
4
cos
3h0
2
 
¼ 0 ð3Þ
Note that the parameter r in Eq. (1) is substituted with rc;U
(U-notch critical distance) according to the requirements of the
UMTS criterion. In pure mode I loading conditions, crack initiates
along the notch bisector line and the fracture initiation angle at
the notch border ðh0Þ is zero because both the geometry and load-
ing are symmetric. In pure mode II loading conditions (i.e., pure
in-plane shear deformation of the notch), KU;qI is zero. Thus,
Eq. (3) is simpliﬁed to
Fig. 6. Two sample load–displacement curves for the graphite UNBD specimens.
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4
 q
2rc;U
 
cos
h0
2
þ 9
4
cos
3h0
2
¼ 0) h0 ¼ h0II ð4Þ
Eq. (4) implies that mode II fracture initiates from a point on the
notch border that its angular position from the local polar coordi-
nate system is recognized by the angle h0II which depends on the
critical distance rc,U and the notch tip radius q. Another important
requirement of the UMTS criterion proposes that brittle fracture oc-
curs when the tangential stress attains necessarily the critical value
ðrhhÞc . Therefore, Eq. (1) in critical conditions can be written as
ðrhhÞc ¼
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2p rc;U
p KU;qI 32þ qrc;U
 
cos
h0
2
þ 1
2
cos
3h0
2
 
þ KU;qII
3
2
 q
rc;U
 
sin
h0
2
þ 3
2
sin
3h0
2
 
ð5ÞA simple relationship has been obtained by Ayatollahi and
Torabi (2009) between ðrhhÞc and the mode I notch fracture tough-
ness KU;qIc . It is
ðrhhÞc ¼
2þ qrc;U
	 

2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2prc;U
p KU;qIc ð6Þ
Eq. (6) has been also written in some papers before Ayatollahi
and Torabi (2009). For example, Gomez et al. (2006) have pub-
lished a paper in which several mode I brittle fracture models have
been suggested and utilized to predict numerous experimental re-
sults. Eq. (6) with a bit difference in shape has been one of the pro-
posed criteria (Gomez et al., 2006). The idea has been
fundamentally taken from Erdogan and Sih (1963).
Substituting Eq. (6) into Eq. (5) gives:
Fig. 7. U-notch with its polar coordinate system.
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3
2
þ q
rc;U
 
cos
h0
2
þ 1
2
cos
3h0
2
 
þ KU;qII
3
2
 q
rc;U
 
sin
h0
2
þ 3
2
sin
3h0
2
 
¼ 2þ q
rc;U
 
KU;qIc ð7Þ
Note that the parameter KU;qIc (i.e., the mode I notch fracture
toughness), which can be determined experimentally, is not a
material constant and depends not only on the material properties
but also on the notch geometry. For known values of rc,U and K
U;q
Ic ,
one can divide both sides of Eqs. (3) and (7) by KU;qIc and solve
simultaneously these two equations for any value of h0 between
0 and h0II and draw the variations of K
U;q
II =K
U;q
Ic (vertical axis) versus
KU;qI =K
U;q
Ic (horizontal axis) in order to achieve the mixed mode frac-
ture curves for U-notches of different tip radii. The fracture curves
for U-notched graphite specimens are presented in the forthcom-
ing sections.θ
ρ
θ
ρ
θ θ
Fig. 8. The fracture initiation angle h0 and the crack path angle h0⁄. The ﬁrst one is
measured from the local coordinate origin and the second one from the center of
the notch semi-circle.To plot the curves of fracture initiation angle, a useful parame-
ter called the mode mixity parameter (MeU) is deﬁned herein
MeU ¼
2
p tan
1 K
U;q
I
KU;qII
 !
ð8Þ
The value of MeU varies from zero (for pure mode II) to one (for
pure mode I). By extracting KU;qI =K
U;q
II from Eq. (3) and substituting
into Eq. (8), one can obtain:
MeU ¼
2
p
tan1
3
4 q2rc;U
	 

cos h02 þ 94 cos 3h02
3
4þ q2rc;U
	 

sin h02 þ 34 sin 3h02
ð9Þ
In order to plot the curves of fracture initiation angle (i.e., a
graph consists of a horizontal axis for MeU and a vertical axis for
h0) for given values of the notch tip radius q and the notch critical
distance rc;U , one can follow the steps below:
1. Choose an arbitrary value of MeU between zero and one.
2. Substitute MeU into Eq. (9).
3. Solve Eq. (9) and determine the fracture initiation angle h0.
4. Repeat steps 1 to 3 for other values of MeU .
5. Draw the curve of fracture initiation angle utilizing the points
calculated in step 4.
The notch critical distance rc,U which is measured from the ori-
gin of the local polar coordinate system (not from the notch tip)
can be calculated by solving the equation below (Ayatollahi and
Torabi, 2009)
ð4r2c;U þ q2 þ 4q rc;UÞ
KU;qIc
ðrhhÞc
 !2
 8pr3c;U ¼ 0 ð10Þ
The mean values of rc,U and K
U;q
Ic for tested U-notched graphite
specimens are presented in Table 3. The critical distance has been
employed in the past together with T-stress for estimating fracture
in various brittle materials like rocks containing a sharp crack un-
der mixed mode I/II loading. In this area, one can refer to Aliha
et al. (2010) in which the generalized maximum tangential stress
(GMTS) model has been used to estimate the fracture trajectory
in a limestone rock under mixed mode loading.
3.2. The U-notched mean stress (UMS) criterion
Similar to the UMTS criterion, the U-notched MS (UMS) crite-
rion can also be formulated based on the tangential stress distribu-
tion around a U-notch (see Eq. (1)). Brittle fracture takes place in
accordance with the mean stress (MS) failure concept when the
mean value of the tangential stress over a speciﬁed critical distance
attains a critical value. To formulate the criterion mathematically,
the mean value of the tangential stress over a speciﬁed critical dis-
tance should ﬁrst be determined. The critical distances for UMS cri-
terion are denoted by dc and dc in Fig. 9 which are measured from
the coordinate origin and from the notch tip, respectively (note
that a U-notch is geometrically a blunt V-notch with zero notch
angle). Fig. 9 shows that dc ¼ dc þ r0 where r0 is equal to q/2 for
U-notches (see Ayatollahi and Torabi, 2009, 2010c; Torabi and
Jafarinezhad, 2012).Table 3
The numerical values of the calculated parameters KU;qIc and rc;U for graphite
specimens.
q (mm) 0.5 1.0 2.0 4.0
KU;qIc (MPa
ﬃﬃﬃﬃ
m
p
) 1.333 1.644 1.825 2.107
rc,U (mm) 0.692 1.163 1.740 2.770
Fig. 9. A U-notch with critical distances associated with the UMS criterion.
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as
rhh ¼ 1dc
Z r¼dc
r¼r0
rhhdr ð11Þ
Eq. (11) has been proposed for the ﬁrst time by Seweryn (1994)
who referred to a research by Novozhilov (1969). Substituting Eq.
(1) into Eq. (11) and integrating gives
rhh ¼ K
U;q
I
2dc
ﬃﬃﬃﬃﬃﬃ
2p
p 3cos h
2
þcos3h
2
  ﬃﬃﬃﬃﬃ
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2
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r0
p
 !( )
þ K
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p 3sinh
2
þ3sin3h
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q
 ﬃﬃﬃﬃr0p
 
þ2qsinh
2
1ﬃﬃﬃﬃﬃ
dc
p  1ﬃﬃﬃﬃ
r0
p
 !( )
ð12Þ
To present Eq. (12) more conveniently, the following parame-
ters are deﬁned:
X ¼
ﬃﬃﬃﬃﬃ
dc
q
 ﬃﬃﬃﬃr0p ; Y ¼ 1ﬃﬃﬃﬃﬃ
dc
p  1ﬃﬃﬃﬃ
r0
p ð13Þ
Thus, Eq. (12) can be rewritten as
rhh ¼ K
U;q
I
2dc
ﬃﬃﬃﬃﬃﬃ
2p
p 3 cos h
2
þ cos 3h
2
 
X  2q cos h
2
Y
 
þ K
U;q
II
2dc
ﬃﬃﬃﬃﬃﬃ
2p
p 3 sin h
2
þ 3 sin 3h
2
 
X þ 2q sin h
2
Y
 
ð14Þ
The procedure to formulate the UMS criterion is completely the
same with that for the UMTS criterion except that rhh is replaced
with rhh. Therefore
@rhh
@ h
¼ 0! h ¼ h0 ð15Þ
The angle h0 is the fracture initiation angle for the UMS crite-
rion. Substituting Eq. (14) into Eq. (15) givesTable 4
The notch critical distances of tested graphite material associated with the UMS
criterion.
q (mm) 0.5 1.0 2.0 4.0
r0 = q/2 (mm) 0.25 0.5 1.0 2.0
dc (mm) (from Eq. (19)) 1.496 2.275 2.804 3.738
dc (mm) (from dc ¼ dc  r0) 1.246 1.775 1.804 1.738KU;qI
2dc
ﬃﬃﬃﬃﬃﬃ
2p
p  3
2
sin
h0
2
þ 3
2
sin
3h0
2
 
X þ qY sin h0
2
 
þ K
U;q
II
2dc
ﬃﬃﬃﬃﬃﬃ
2p
p 3
2
cos
h0
2
þ 9
2
cos
3h0
2
 
X þ qY cos h0
2
 
¼ 0 ð16Þ
Under mode I loading conditions, the fracture initiation angle is
trivially equal to zero because of the symmetry in geometry and
loading. Under pure mode II, KU;qI becomes zero and hence, Eq.
(16) is simpliﬁed to
3
2
cos
h0
2
þ 9
2
cos
3h0
2
 
X þ qY cos h0
2
¼ 0 ð17Þ
The root of Eq. (17) is, in fact, the fracture initiation angle pre-
dicted by the UMS criterion under pure mode II loading conditions
(herein after referred to as h0II).
The UMS criterion suggests that rhh should attain its critical va-
lue (normally the ultimate tensile strength of material) at brittle
fracture instance. Therefore
ðrhhÞc ¼
KU;qI
2dc
ﬃﬃﬃﬃﬃﬃ
2p
p 3 cos h0
2
þ cos 3h0
2
 
X  2qY cos h0
2
 
þ K
U;q
II
2dc
ﬃﬃﬃﬃﬃﬃ
2p
p 3 sin h0
2
þ 3 sin3h0
2
 
X þ 2qY sin h0
2
 
ð18Þ
Similar to Eq. (6), a closed-form expression is needed for ðrhhÞc
in terms of the critical distance and the mode I notch fracture
toughness of material (i.e., KU;qIc ), in order to present the equations
on the basis of the dimensionless NSIFs (i.e., KU;qI =K
U;q
Ic and
KU;qII =K
U;q
Ic ). For this purpose, one can apply the requirements of
mode I fracture to Eq. (18) as follows:
h0 ¼ 0
KU;qI ¼ KU;qIc ) ðrhhÞc ¼
KU;q
Ic
2
ﬃﬃﬃﬃ
2p
p
dc
ð4X  2qYÞ ¼
ﬃﬃﬃﬃﬃﬃ
2
p dc
q
KU;qIc
KU;qII ¼ 0
ð19Þ
By substituting Eq. (19) into Eq. (18), it is obtained
KU;qI
KU;qIc
ﬃﬃﬃﬃﬃ
dc
p
4dc
3 cos
h0
2
þ cos 3h0
2
 
X  2qY cos h0
2
 
þ K
U;q
II
KU;qIc
ﬃﬃﬃﬃﬃ
dc
p
4dc
3 sin
h0
2
þ 3 sin3h0
2
 
X þ 2qY sin h0
2
 
¼ 1 ð20Þ
By dividing both sides of Eq. (16) by KU;qIc , one can obtain
KU;qI
KU;qIc
 3
2
sin
h0
2
þ 3
2
sin
3h0
2
 
X þ qY sin h0
2
 
þ K
U;q
II
KU;qIc
3
2
cos
h0
2
þ 9
2
cos
3h0
2
 
X þ qY cos h0
2
 
¼ 0 ð21Þ
Eqs. (20) and (21) form a simple linear system of equations in
which KU;qI =K
U;q
Ic and K
U;q
II =K
U;q
Ic are unknown. Once the critical dis-
tance and mode I notch fracture toughness are known (Note:
KU;qIc is obtained from mode I fracture tests (see Table 3) and d

c is
computed using Eq. (19).), the equations can be solved simulta-
neously for different values of h0 between zero and h0II , and ﬁnally,
the fracture curves of the UMS model are achieved in terms of
KU;qI =K
U;q
Ic and K
U;q
II =K
U;q
Ic .
Analogous to UMTS criterion, the mode mixity parameter
MeU can be deﬁned for the UMS model by using Eq. (16) as
follows
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2
p
tan1
KU;qI
KU;qII
 !
¼ 2
p
tan1
ð3 cos h02 þ 9 cos 3 h02 ÞX þ 2qY cos h02
ð3 sin h02 þ 3 sin 3 h02 ÞX  2qY sin h02
 !
ð22Þ
The procedure of plotting the curves of fracture initiation angle
is completely the same with that for the UMTS criterion elaborated
after Eq. (9).
The notch critical distances of tested graphite material associ-
ated with the UMS criterion (dc and d

c) are presented in Table 4
for different notch tip radii.
As seen above, both the UMTS and the UMS criteria utilize crit-
ical distances to predict the onset of brittle fracture in U-notched
graphite components. Some other contributions have also been
suggested in the past for engineering failure analysis regarding
critical distances (see for instance Tanaka (1983) and Taylor
(1999)). The application of critical distances to the static failure
has also been proposed previously by Susmel and Taylor (2008).
In the next section, the experimental results of the mixed mode
notch fracture toughness and the fracture initiation angles for
tested U-notched graphite specimens are theoretically predicted
by using the fracture curves and the curves of fracture initiation
angles of the UMTS and UMS criteria.4. Results and discussion
In order to make a comparison between the theoretical predic-
tions with the experimental results, the recorded fracture loads of
the U-notched graphite samples should be converted to the corre-
sponding values of the critical NSIFs, i.e., the mixed mode I/II notch
fracture toughness values. For this purpose, one can use the follow-
ing equations:
KU;qI ¼
ﬃﬃﬃﬃﬃﬃﬃpqp
2
rhh
q
2
; 0
	 

ð23ÞKU;qII ¼ Limr!q2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p ðrrhÞh¼0
ð1 q2rÞ
ð24Þ
Eq. (23) has been ﬁrst provided by Glinka (see Glinka, 1985;
Glinka and Newport, 1987). Eq. (24) is a reduced form of an expres-
sion provided originally by Lazzarin and Filippi (2006) for blunt V-
notches. Eqs. (23) and (24) have been frequently utilized by the
researchers to calculate the in-plane NSIFs (see for instance Torabi
and Jafarinezhad, 2012). In Eqs. (23) and (24), rhh q2 ; 0
 
is the tan-
gential stress at the U-notch tip and the parameter ðrrhÞh¼0 is the
in-plane shear stress along the notch bisector line. To compute
the critical values of the NSIFs, ﬁrst, a ﬁnite element (FE) model
should be created for each notched graphite specimen and the frac-
ture load recorded frommode I and mixed mode fracture tests (see
Table 2) should be applied to the model. Then, the tangential stress
at the notch tip and the limit of the bisector line shear stress (when
the distance from the notch tip tends to zero) are computed. By
substituting the computed values into Eqs. (23) and (24), the crit-
ical NSIFs are achieved. Notice that for pure mode I loading condi-
tions (b = 0), the ﬁrst four values of the fracture loads in the last
column of Table 2 give the mean values of KU;qIc for the four differ-
ent notch tip radii.
Figs. 10 and 11 represent respectively the fracture curves and
the curves of fracture initiation angle of UMTS and UMS failure cri-
teria together with the experimental results of the UNBD graphite
specimens for four various notch tip radii.
Fig. 10 represents that for a constant notch tip radius, as the
contribution of mode II deformation increases, the deviation be-
tween the results of the UMTS and UMS criteria enhances (themaximum deviation is achieved under pure mode II). For mode I
dominant loading conditions, both the criteria provide almost
identical predictions. Also, Fig. 10 implies that the deviation of
the two curves decreases in the entire domain from mode I to
mode II as the notch tip radius increases. For q = 4 mm, almost
no difference can be seen between the UMTS and UMS fracture
curves. It is seen in Fig. 10 that for pure mode II, the ratio on y-axis
tends always to a value greater than 1.0. This is because KU;qII is al-
ways greater than KII from pointed notches also for small values of
the notch tip radius resulting from the particular applications of
the Creager and Paris (1967) equation for U-notches. This point
should be underlined. It can be seen in Fig. 11 that for all of the
notch tip radii, the curves of fracture initiation angle provided by
the two criteria are almost identical which both predict the exper-
imental results accurately.
In order to compare the experimental and theoretical results
quantitatively under mixed mode loading conditions, a dimension-
less parameter, called the equivalent relative notch fracture tough-
ness (ERNFT) KU;qeff is deﬁned herein as:
KU;qeff ¼ KU;qeff =KU;qIc ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðKU;qI =KU;qIc Þ
2 þ ðKU;qII =KU;qIc Þ
2
q
ð25Þ
Note that the value of KU;qeff is, in fact, the magnitude of the cord
drawn from the coordinate origin in Fig. 10 to the intercept point
on the UMTS and the UMS fracture curves (theoretical values)
and to that point on each individual experimental point. The theo-
retical values of ERNFT together with the mean values of the exper-
imental ERNFTs are presented in Table 5 including the mean
discrepancies. Additionally, a quantitative comparison of the theo-
retical and experimental fracture initiation angles can be found in
Table 6.
As can be seen in Tables 5 and 6, both the UMTS and the UMS
fracture criteria provide very good predictions with very close total
accuracies.
In the engineering design, the engineers’ main goal is to design
the notched graphite member in order to withstand against sudden
fracture. The UMTS and the UMS convenient and straight-forward
procedures for determining the load-bearing capacity of a
U-notched graphite member under tensile/shear loading condi-
tions can be simply explained as follows:
1. Apply a unit load to the FE model of the U-notched member and
compute the ratio ðKU;qII =KU;qI Þ for it by using Eqs. (23) and (24).
Note that such ratio is independent of the magnitude of the
load.
2. Draw a line with the slope of ðKU;qII =KU;qI Þ on the plane of fracture
curve. The ﬁrst point of the line is the origin of the coordinate
system and the second one is the intercept point between the
curve and the line.
3. Read the horizontal and the vertical components of the inter-
cept point (i.e., ðKU;qI =KU;qIc Þ and ðKU;qII =KU;qIc Þ).
4. Multiply both the obtained components by KU;qIc (see Table 3) to
achieve critical KU;qI and K
U;q
II .
5. Increase the initially applied unit load to the greater values till
NSIFs reach to the values computed in the step 4. The load asso-
ciated with the critical NSIFs obtained in this step is, in fact, the
load-bearing capacity of the U-notched component.
As previously mentioned, the critical distances for both the
UMTS and UMS criteria were directly determined by using the re-
sults of mode I fracture tests (see Tables 3 and 4). The UMTS critical
distances, lie on the material, were 0.42, 0.66, 0.74, 0.77 mm for the
notch tip radii 0.5, 1, 2, 4 mm, respectively. Those critical distances
of the UMS criterion (i.e., dc values) were equal to 1.24, 1.77, 1.80,
1.74 mm. Comparing the ﬁrst and the second group values of crit-
ical distances with the critical distances of the MTS and MS criteria
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Fig. 10. The fracture curves of UMTS and UMS failure criteria together with the experimental results of the UNBD graphite specimens for four various notch tip radii.
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dc ¼ 2=pðKIc=rcÞ2 ¼ 0:84 mm demonstrates that assuming the
notch critical distance equal to that for sharp crack may result in
inaccurate theoretical predictions. This forced the authors to utilize
initially the actual notch critical distances in theoretical
computations.
In general, the mode I notch fracture toughness KU;qIc and the
critical distances can be related to each other by simple expres-
sions like those presented in Eqs. (10) and (19) for UMTS and
UMS criteria, respectively. Under mode I, if one wants to predict
theoretically KU;qIc by the criteria like point stress and the mean
stress, he/she needs the values of the critical distances which are
usually assumed to be equal to that of sharp crack (see for example
Ayatollahi and Torabi (2010a,d)). Conversely, if the experimental
value of KU;qIc is available from mode I fracture tests on notched
specimens, the actual values of the critical distances can be directly
computed (see Eqs. (10) and (19)) other than those for sharp
cracks. The actual values of the critical distances (presented inTables 3 and 4) seem to be dependent on the overall geometry of
the test sample which may cause using the criteria questionable.
It has been shown by Ayatollahi and Torabi (2010a) that for three
V-notched graphite specimens having completely different overall
geometries, the mode I notch fracture toughness tests provided
very close values of KV ;qIc for the specimens with the same notch an-
gle and the same notch tip radius. It implies that the mode I notch
fracture toughness value is almost independent of the overall
geometry of the laboratory-scaled test sample and depends only
on the material properties and the notch geometry. In this situa-
tion, the notch critical distances do not also depend on the overall
geometry of the notched specimen (see Eqs. (10) and (19)). Based
on this ﬁnding, it is expected that similar behavior exists also for
U-notched graphite specimens. Trivially, the validity of the present
claim should be veriﬁed by various tests. Note that the statement
above may be valid for laboratory-scaled specimens. For large or
very small components, the size effect should be considered. From
the statements above, it is suggested that one ﬁrst selects
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Fig. 11. The curves of fracture initiation angle of UMTS and UMS criteria together with the experimental results of the UNBD graphite specimens for four various notch tip
radii.
Table 5
The theoretical values of the ERNFT together with the mean values of the experimental ERNFTs including the mean discrepancies.
b ¼ 10 (deg.) b ¼ 20 (deg.)
q = 0.5 (mm) q = 1 q = 2 q = 4 q = 0.5 q = 1 q = 2 q = 4
Mean experimental results 0.816 0.833 0.83 0.793 0.673 0.65 0.66 0.653
UMTS criterion 0.74 0.76 0.78 0.77 0.58 0.61 0.59 0.6
UMS criterion 0.76 0.77 0.78 0.77 0.6 0.63 0.6 0.6
Mean discrepancy of UMTS model (%) 9 8 6 2 13 6 10 8
TOTAL: 7.8%
Mean discrepancy of UMS model (%) 6 7 6 2 10 3 9 8
TOTAL: 6.4%
1296 A.R. Torabi et al. / International Journal of Solids and Structures 51 (2014) 1287–1298arbitrarily a laboratory-scaled test specimen capable of testing
mode I notch fracture. Then, he/she performs mode I fracture tests
and measures KU;qIc which depends on the notch tip radius (not on
the overall-geometry of specimen). Finally, the critical distances of
the UMTS and the UMS criteria are calculated by means of Eqs. (10)
and (19), respectively and the fracture curves can be plotted.
A question may be created in mind that why two-dimensional
(2D) stress distributions are used in the present study for analyzing
3D UNBD specimens. The stress distributions around U-shaped
notches in UNBD specimens were numerically calculated by theauthors for 2D and 3D models and a negligible difference (maxi-
mum of 3%) was found for the present speciﬁc disc dimensions.
This ﬁnding justiﬁes the use of 2D analysis.
5. Conclusions
The experimental fracture loads and the fracture initiation
angles obtained from the mixed mode I/II fracture tests of the
U-notched Brazilian disc (UNBD) graphite specimens were theoret-
ically estimated by means of the two well-known failure concepts,
Table 6
The theoretical and experimental values of the fracture initiation angles (in deg.) including the mean discrepancies.
b ¼ 10 (deg.) b ¼ 20 (deg.)
q = 0.5 (mm) q = 1 q = 2 q = 4 q = 0.5 q = 1 q = 2 q = 4
Mean experimental results 43.3 40.3 36.6 37.6 54 54 55 50.6
UMTS criterion 46 44 40 41 56 56 53 51
UMS criterion 47 44.5 40 41 57 56 53 51
Mean discrepancy of UMTS model (%) 6 9 9 9 3 3 3 7.9
TOTAL: 6.2%
Mean discrepancy of UMS model (%) 8.5 10 9 9 5 3 3 7.9
TOTAL: 6.9%
A.R. Torabi et al. / International Journal of Solids and Structures 51 (2014) 1287–1298 1297namely the maximum tangential stress (MTS) and the mean stress
(MS). The fracture curves and the curves of fracture initiation angle
were developed in terms of the notch stress intensity factors
(NSIFs) which are capable of predicting the notch fracture tough-
ness and the bifurcation angle in the entire domain from pure
mode I and pure mode II loading conditions. With about 8% and
6% mean discrepancies in the prediction of notch fracture tough-
ness and fracture initiation angle, respectively, the UMTS model
was found to be an appropriate failure model. Those discrepancies
were about 6.4% and 7% for the UMS model which provides very
close estimates to the UMTS results. The results showed that the
curves of fracture initiation angle provided by UMTS and UMS cri-
teria are almost identical which both predict the experimental re-
sults accurately. This means that from the view point of fracture
initiation angle, there is no difference between the two criteria in
real engineering applications. It was obtained in this research that
the critical distances for U-shaped notches in polycrystalline
graphite are signiﬁcantly different from those for sharp crack
suggesting that the use of the values for sharp crack in U-notched
domains is impermissible.Acknowledgement
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